
 

  

 

STATE OF NEW MEXICO 

COUNTY OF LEA 

FIFTH JUDICIAL DISTRICT 

REPUBLICAN PARTY OF NEW MEXICO, et al., 

Plaintiffs, 

 

vs. Case No. D-506-CV-2022-00041 

MAGGIE TOLOUSE OLIVER, 

in her official capacity as New Mexico 

Secretary of State, et al., 

Defendants. 

 

THE LEGISLATIVE DEFENDANTS’ RESPONSE TO PLAINTIFFS’ 

OPPOSED MOTION TO EXCLUDE EXPERT REPORT AND 

EXPERT TESTIMONY OF DR. JOWEI CHEN 

Both New Mexico law and the legislative history of SB-1 reflect that oil and gas are critical to 

the State of New Mexico: 

if water is the life blood of New Mexico’s agricultural and domestic activity, so it 

may be said that oil and gas are the fuel that keeps New Mexico’s economy moving. 

Kennedy v. Yates Petroleum Corp., 1986–NMSC–064, ¶ 9, 104 N.M. 596. During SB-1’s path to 

enactment, senators and representatives debated and advocated for expanding congressional 

representation for New Mexico’s oil and gas producing areas. Reduced to its essence, Plaintiffs 

seek to exclude Dr. Chen because they take issue with that public policy. Dr. Chen was instructed 

to take into account the same policy consideration—the importance of oil and gas to New Mexico—

as was considered by the People’s elected representatives. The Legislature is not bound to any 

“traditional districting principles” when drawing congressional districts and its decision to pursue 

different public policies than advocated by Plaintiffs does not provide a constitutional basis for 

striking down a duly enacted district map. Nor does it occasion excluding Dr. Chen for utilizing 

those same public policies to render his opinions. For these reasons, and as more fully set out below, 

Plaintiffs’ Motion should be denied. 
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1. STATEMENT OF RELEVANT FACTS 

1.1. The Legislative Defendants’ counsels’ instruction to Dr. Chen to incorporate 
oil and gas considerations is supported by legislative history. 

1. Dr. Chen’s Expert Report clearly and unambiguously discloses to the Court that 

Defendants’ counsel informed me that due to the economic importance of the oil 

production industry in New Mexico, a policy consideration in the state’s 

congressional districting process was to spread out the state’s oil wells across 

multiple districts. Therefore, Defendants’ counsel instructed me to require that no 

single congressional district in any computer-simulated plan contains more than 

60% of the state’s active oil wells. I was instructed to use geospatial data from New 

Mexico’s Oil Conservation Division to identify the locations of all active oil wells in 

the state. 

[Report ¶ 9(f )] 

2. Legislative history reflects that oil and gas considerations were debated and 

advocated for by members of the Legislature in the passage of SB-1. [Leg. Defs. FFCL, Exh. 27, p. 

10 Sen. JC 3:25–4:5, p. 25 Sen. DI 2:24–3:8, p. 31 Rep. GC 2:12–2:23, p. 55 Sen. JC 2:1–2:9, p. 57 

Rep. AM 2:1–2:16, p. 59 Rep. NS 2:1–2:10] 

1.2. Dr. Chen utilized a Markov Chain Monte Carlo version of a Sequential Monte 
Carlo algorithm to create 1,000 documented and testable simulations that 
were provided to Plaintiffs. 

3. Dr. Chen’s Expert Report states that he “programmed a partisan-blind computer 

algorithm to generate a large number of random districting plans….” [Report ¶ 5] 

4. At his deposition, Dr. Chen testified that his simulations utilized a Markov Chain 

Monte Carlo (“MCMC”) version of a Sequential Monte Carlo (“SMC”) algorithm. [Exh. A, Dep. 

JC 16:21–18:23] 

5. Dr. Chen’s source code, produced to Plaintiffs prior to his deposition, reflects his 

use of the algorithms. [See, e.g., Exh. B at lines 69 & 268] 
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6. MCMC and SMC Algorithms have been utilized in statistical sciences for decades 

and are the subjects of textbooks in those fields. [Exh. A at 116:25–119:9] 

7. Dr. Kosuke Imai’s article titled “The Essential Role of Empirical Validation in 

Legislative Redistricting Simulation,” proffered a computationally generated dataset for testing 

simulation methods and then “empirically examine[d] how existing simulation methods perform 

on realistic validation datasets.” [Motion Exh. 37 at 52] Dr. Imai’s article establishes that MCMC 

algorithms like Dr. Chen’s are more performant and reliable than competing algorithms. [Id. at pp. 

53, 63, 64, 65] 

8. Dr. Imai, who is also the author of the Redist simulation software that Mr. Trende 

says he attempted to use in this litigation, advocates for the use of an SMC algorithm in redistricting 

litigation. [Exh. C, “Sequential Monte Carlo for Sampling Balanced and Compact Redistricting 

Plans”; Exh. D, Dep. ST 121:19–122:7 (addressing same)] 

9. Dr. Imai recognizes that SMC algorithm-generated simulations have a tendency to 

be identical, e.g., “for redistricting, this means that all of the sampled plans will share one or more 

districts that are completely identical,”1 [Exh. C at 18], and that “[o]ne interesting avenue for future 

research would be to examine whether several applications of the MCMC kernel at various points 

in the SMC algorithm could help refresh the sample and counteract the tendency to collapse to a 

single ancestor.” [Id. at 19] 

10. Dr. Chen’s implementation of the MCMC version of an SMC algorithm did not 

result in any duplicated maps. [Exh. D, Dep. ST 54:17–55:17 (falsely testifying that Dr. Chen’s 

simulations contain duplicates), 136:6–136:20 (correcting his mistaken testimony)] 

 
1 For example, Mr. Trende has testified that his use of the Sequential Monte Carlo algorithm in 

Redist resulted in an approximate 50% duplication rate, or 1,020,000 of the simulated maps he 

claims to have created. 
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2. ARGUMENT 

2.1. New Mexico’s Legislature is not bound by any redistricting criteria and 
Plaintiff’s claim that expert analysis of the policies underlying the 
Legislature’s decisions is unhelpful to the factfinder is inconsistent with the 
New Mexico Supreme Court’s September 22, 2023 decision. 

Reduced to its essence, Plaintiffs’ challenge to Dr. Chen’s expert report and opinions is that 

they are based upon the Legislature’s policy decisions relating to the oil and gas industry that are 

not found in Plaintiffs’ preferred and irrelevant “traditional redistricting criteria.” On Friday, 

September 22, 2023, at 4:21 PM, the New Mexico Supreme Court issued its decision in Grisham 

v. Van Soelen, No. S-1-SC-39481 (the “Decision”).2 The Court held that “neither Maestas nor the 

Redistricting Act is a source of redistricting standards that bind the Legislature.” Id. ¶ 46. 

“Maestas…only mandates the use of ‘traditional districting principles’ for court-drawn plans when 

the political branches have failed to reach agreement.” Id. (emphasis in original). Likewise, “[t]he 

Redistricting Act, although requiring the Citizen Redistricting Committee to prepare and submit 

nonpartisan redistricting plans to the Legislature, specifies that those plans are merely 

recommendations which the Legislature is not required to follow.” Id. 

Notwithstanding the law, Plaintiffs criticize Dr. Chen’s opinion because 

[f ]or the “extreme outlier approach” to demonstrate the partisan effect of a 

redistricting map–and therefore, to aid the trier of fact in determining a relevant 

issue in a partisan-gerrymandering case–the simulated maps must adhere only to the 

State’s partisan-neutral redistricting “criteria.” 

[Motion p. 9 (emphasis added and citations omitted). Likewise, Plaintiffs complain that “New 

Mexico’s redistricting guidelines make no mention of any ‘Oil Industry Considerations’ at all….” 

[Id. p. 11] Plaintiffs’ contentions that the Legislature is moored to alleged traditional redistricting 

 
2 Plaintiffs’ Motion was filed on September 22, 2023, at 10:41 PM, six hours and twenty minutes 

after being served with the Decision. 
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 Respectfully Submitted, 

HINKLE SHANOR LLP 

By:  _____________________________  

Richard E. Olson 

Lucas M. Williams 
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(575) 622-6510 

 PEIFER, HANSON, MULLINS & 

BAKER, P.A. 

Sara N. Sanchez 

20 First Plaza, Suite 725 
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(505) 247-4800 

 STELZNER, LLC 

Luis G. Stelzner 
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Pursuant to Rule 1-005(E) NMRA, The Legislative Defendants’ Response to Plaintiffs’ 

Opposed Motion to Exclude Expert Report and Expert Testimony of Dr. Jowei Chen was served 

on the following on September 25, 2023, by the method reflected: 

Person Served Method 

All counsel of record Via Efile/Eserve and Email 
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By:  _____________________________  
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(575) 622-6510 telephone  
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Attorneys for the Legislative Defendants 
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1 partisan-neutral map drawing process, adhering to a

2 certain nonpartisan-districting criteria; correct?

3      A   Yes.

4      Q   And your conclusion -- spoiler alert, if no one

5 has read your report -- is that SB 1, indeed, could

6 plausibly have emerged from a partisan-neutral map

7 drawing process, adhering to nonpartisan-districting

8 criteria; correct?

9      A   Right.

10      Q   So beyond that question, you didn't look at

11 SB 1 for indications of partisan bias, did you?

12      A   Not beyond the work that I have obviously

13 described in my report.

14      Q   Okay.  I'm going to move on to paragraph 5,

15 your summary of findings.  You say, "I programmed a

16 partisan blank and computer algorithm to generate a

17 large number of redistricting plans while strictly

18 adhering to the aforementioned districting criteria";

19 correct?

20      A   Yes.

21      Q   Is that partisan-blank computer algorithm a

22 construct of Monte Carlo algorithm?

23      A   No.

24      Q   What is that algorithm?

25      A   It is an MCMC version of a Sequential Monte
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1 Carlo.

2      Q   What do you mean by an MCMC version?

3      A   So in the context of redistricting simulations,

4 what MCMC means is that it is iterative.  So every

5 iteration -- and it is always going to be a large number

6 of iterations -- considers redraws in some ways to the

7 borders.  These are, of course, random redraws; hence

8 why we call it an MCMC.  MCMC, obviously refers to my

9 academic field.  MCMC refers to Markov Chain Monte

10 Carlo.  So MCMC is describing an algorithmic method

11 where a computer considers random changes or random

12 proposed changes to the borders of a districting plan

13 and their iterative; they are one after another, and

14 there is a long series of them in any typical MCMC

15 algorithm.  And that is how mine proceeds.

16      Q   Had you ever used an MCMC algorithm before your

17 expert work in the case?

18      A   Yes.

19      Q   For a case -- a prior case you used MCMC?

20      A   Yes.

21      Q   What case was that?

22      A   There is so many that I'm not sure I can list

23 them all.  But I'm going to refer you to paragraph 3

24 where I have listed out prior cases in which I have

25 produced an expert report in which I have authored an

Exh. A.3



Republican Party of New Mexico, et al. v. Maggie Toulouse Oliver, et al. September 10, 2023
Jowei Chen, Ph.D. D-506-CV-2022-00041

505-830-0600
Trattel Court Reporting & Videography

2552c766-6e30-4fe7-abd0-b0ae11922accElectronically signed by Sarah  Padilla (201-279-371-8635)

Page 18

1 expert report.  And I would just generally say that

2 pretty much all the recent ones over the past roughly

3 five years I have been using an MCMC algorithm.

4      Q   What algorithm did you use before that?

5      A   So I would have to go way back to identify a

6 case where I used an algorithm that is not an MCMC.  I

7 can definitely say that for the past five years, they

8 have all been MCMC algorithms.  I think way back when I

9 started producing simulations as an -- in expert witness

10 reports over ten years ago, I certainly used an earlier

11 algorithm that was not an MCMC.

12      Q   Why did you discontinue using that earlier

13 algorithm?

14      A   Well, my academic work has developed since

15 then.  I have done a lot more work in developing

16 redistricting algorithms and have found ways that

17 produce plans that are more targeted at getting at

18 specific redistricting criteria, getting at equal

19 population, for example.  And I found that changes to

20 the algorithm helped that along to help achieve certain

21 criteria.  I would say that has been the biggest driving

22 factor behind developments in redistricting -- well, in

23 certainly the work that I do in simulation algorithms.

24      Q   Okay.  Let's look at paragraph 7.  So you

25 generated 1,000 computer-simulated maps as part of your
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1 
2 package base; 

3 

4 import 
5 import 
6 import 
7 import 
8 import 
9 import 

10 import 
11 import 
12 import 
13 import 
14 import 
15 import 
16 import 
17 import 
18 import 
19 import 
20 import 
21 import 
22 import 
23 import 
24 import 
25 import 
26 import 
27 import 
28 import 
29 import 
30 import 
31 import 
32 import 
33 

java.awt.Point; 

java.awt.Polygon; 

java.io.BufferedReader; 

java.io.BufferedWriter; 

java. io. File; 

java.io.FileReader; 

java.io.FileWriter; 

java.io.IOException; 

java.io.InputStreamReader; 

java.io.PrintWriter; 

java.net.InetAddress; 

java.net.MalformedURLException; 

java.net.URL; 

java.net.UnknownHostException; 

java.util.Arraylist; 

java.util.Arrays; 

java.util.Comparator; 

java. util. Date; 

java. util. List; 

java.util.Random; 
. . 

* Java.10. ; 

java.util.HashMap; 

java.util.Random; 

java.lang.Math; 

java.text.SimpleDateFormat; 

java.text.DateFormat; 

java.net.*; 

java.awt.Toolkit; 

java.lang.Thread; 

34 import static java.nio.file.StandardCopyOption.*; 

35 
36 public class NM_base_final{ 
37 

38 

39 

public static void main (String[] args) {while(true){new NM_base_final().run();}} 

40 private Arraylist AllPcts = new Arraylist(); 

41 private Arraylist pctABQ=new Arraylist(); private Arraylist CRUpcts=new Arraylist(); 
private Arraylist SFEpcts=new Arraylist(); private Arraylist SVApcts=new Arraylist(); 

42 private Arraylist pctpop = new Arraylist(); private Arraylist pctcty = new Arraylist(); 
private Arraylist pctname = new Arraylist(); 

43 private Arraylist pctoil=new Arraylist(); private Arraylist pctmcds = new Arraylist(); 
private Arraylist pctad=new Arraylist(); private Arraylist pctvtd=new Arraylist(); 

44 private Arraylist ALLctys = new Arraylist(); private HashMap ALLctyct = new HashMap(); 

45 private Arraylist ALLmcds = new Arraylist(); private HashMap ALLmcdct = new HashMap(); 

46 private Arraylist ALLvtds = new Arraylist(); private HashMap ALLvtdct = new HashMap(); 

47 private HashMap CtoPcts = new HashMap(); private HashMap Pairlengths = new HashMap(); 

48 private Arraylist pctborders = new Arraylist(); 

49 private Arraylist pctarea = new Arraylist(); private Arraylist extlengths=new 
ArrayList(); 

50 private HashMap PctToPts=new HashMap(); 

51 private Arraylist minlats = new Arraylist(); private Arraylist maxlats = new 
ArrayList(); 
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52 private ArrayList minlons = new ArrayList(); private ArrayList maxlons = new 
ArrayList(); 

53 private ArrayList lats = new ArrayList(); 
54 private ArrayList lons = new ArrayList(); 
55 private boolean plan_completion; 
56 private File mainfile; private double threshold; private int enactctyfrags; private int 

enactmcdfrags; private int enactintctys; private int enactintmcds; 
57 private int CApop = 0; private double IdealDistrictPop; private double MAXNUMDEV; 

private double MINPOP; private double MAXPOP; //inclusive min/max 
58 private File outputfolder; private File outputfolderS;private String type; private File 

zero; private String hname="zzzzz"; boolean AbortSignal=false; private File logfile; 
59 private boolean COMPLETE; private String st; 
60 private double ABQthreshold; private double OILTHRESHOLD; 
61 
62 private ArrayList pctCVAP = new ArrayList(); private ArrayList pctCVblack = new 

ArrayList(); private ArrayList pctCVhisp = new ArrayList(); 
63 private double Bth; private double Hth; private double th_psby=new Double(0.085867); 
64 private ArrayList AlreadySplitMcds; private int simct; private int addon; 
65 
66 public void run(){ 
67 //ArrayList test = new ArrayList(); test=null; System.out.println("test: 

"+test.size()); System.exit(0); 
68 try{hname=InetAddress.getLocalHost().getHostName();}catch (UnknownHostException ex) 

{System.out.println("Hostname can not be resolved");} 
69 System.out.println(":::::::::::::::::STARTING MCMC ALGORITHM 

70 

71 

HERE::::::::::::::::::::::"); //Toolkit.getDefaultToolkit().beep(); 

72 File folder = new File("C:/Dropbox/NM"); 
73 File folder4 = new File("/home/jowei/Desktop/NM"); if(folder4.exists()) 

{folder=folder4;} 
74 File folder2 new File("/nfs/turbo/lsa-jowei/NM"); if(folder2.exists()) 

{folder=folder2;} 
75 File folder3 = new File("/home/jowei/shares/turbo/NM"); if(folder3.exists()) 

{folder=folder3;} 
76 //File folder3 = new File("E:/home/jowei/Desktop"); if(folder3.exists()) 

{folder=folder3;} 
77 //File folder3 = new File("/mnt/jowei"); if(folder3.exists()){folder=folder3;} 
78 

79 //File folders= new File("D:"); if(folderS.exists()){folder=folderS;} 
80 Random generator = new Random(); //simid=100000+generator.nextint(899999); //int 

81 

82 

83 

group = l+generator.nextint(40); 

mainfile=new File(folder,"base"); int districts=3; 

84 //threshold=new Double(0.01); 
85 type = "v14"; //type="race"; //if(generator.nextDouble()>new Double(0.S)){type = 

"race";} 
86 outputfolder=new File(mainfile,type); outputfolder.mkdir(); 
87 
88 

89 
90 
91 

outputfolderS=new File(outputfolder,"fin"); outputfolderS.mkdir(); 

92 zero=new File(outputfolder, "seed.txt"); if(zero.exists()){System.exit(0);} 
93 ReadBaseFiles(mainfile); 
94 IdealDistrictPop=new Double(CApop) / new Double(districts); //IdealDistrictPop=new 

Double(59532.51); 
95 threshold=new Double(0.00001); ABQthreshold=new Double(0.6); OILTHRESHOLD=new 

Double(0.6); simct=0; 
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225 //Arraylist intmcds=getintactMcds(pcts); intactmcds+=intmcds.size(); 
Dimcds[d] =intmcds.size(); 

226 

227 } //System.out. println{ "BLACKDISTS: "+blackdists+" HISPDISTS: "+hispdists); 
228 System.out.println("plan_maxdev: "+plan_maxdev+" statewide pop: "+CApop+" threshold: 

"+threshold ); 
229 //System.out.println{"Dictys: "+Arrays.toString{Dictys)); 
230 int old_score = 0; 
231 //System.out.println{"ALLmcds.size(): "+ALLmcds.size()+" enactspmcds: 

"+enactspmcds+" enact_intmcds: "+ {ALLmcds.size()-enactspmcds) +" intactmcds: "+intactmcds+" 
old_psby: "+old_psby); 

232 System.out.println{"ALLctys.size(): "+ALLctys.size() +" intactctys: "+intactctys+" 
intactmcds: "+intactmcds+" old_psby: "+old_psby); 

233 System.out.println{"Dictys: "+Arrays.toString(Dictys)); System.out.println{"Dimcds: 
"+Arrays.toString{Dimcds)); 

234 //System.out.println{"Dcorepop: "+Arrays.toString(Dcorepop)); 
235 System.out.println{"ctyfrags: "+ctyfrags); 
236 

237 int old_intactctys=intactctys; int old_intactmcds=intactmcds; 
238 

239 

240 

241 

242 

243 

244 

MCD{Dpcts, districts); 
System.out.println{"SFE: "+SFEdistrict); 
System.out.println{"CRU: "+CRUdistrict); 
System.out.println{"SVA: "+SVAdistrict); 
System.out.println{"ABQ: "+ABQdistrict+" frac: "+ABQfrac); 

245 int satisfy=0; File outfolder=new File{""); 
246 //if( ABQdistrict!=SFEdistrict && ABQdistrict!=CRUdistrict && 

247 

CRUdistrict!=SFEdistrict && ABQdistrict>0 && ABQfrac>ABQthreshold && 
{plan_maxdev/IdealDistrictPop)<threshold){ satisfy=6; outfolder=outputfolderR; } 

248 if{ABQdistrict!=SFEdistrict && ABQdistrict !=CRUdistrict && CRUdistrict!=SFEdistrict 
&& SVAdistrict==RGRdistrict && ABQdistrict>0 && ABQfrac>ABQthreshold && 
{plan_maxdev/IdealDistrictPop)<threshold){ 

249 satisfy=999; 
250 } 
251 
252 if(satisfy!=999){return; } 
253 
254 
255 
256 
257 
258 
259 
260 

//System.out.println{"plan_maxdev: "+plan_maxdev); //System.exit{0); 

261 //System.exit{0); 
262 //simct=0; return; 
263 
264 
265 
266 
267 
268 System.out.println{"================= PART 2: MCMC iterations: IMPROVE on 

COMPACTNESS ........ time: "+(new Date()).getTime()); //if(zero.exists()){System.exit{0); } 
269 double avgpolsby = (polsbys[l] +polsbys[2]+polsbys[3])/new Double(districts); 
270 
271 
272 

int iters=0; 
while{true){ iters++; if{iters>1000){break; }  
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Sequential Monte Carlo for Sampling Balanced and Compact
Redistricting Plans*

Cory McCartan† Kosuke Imai‡

First Draft: July 6, 2020
This Draft: February 16, 2023

Abstract

Random sampling of graph partitions under constraints has become a popular tool for evaluating legisla-
tive redistricting plans. Analysts detect partisan gerrymandering by comparing a proposed redistricting plan
with an ensemble of sampled alternative plans. For successful application, sampling methods must scale to
maps with a moderate or large number of districts, incorporate realistic legal constraints, and accurately and
efficiently sample from a selected target distribution. Unfortunately, most existing methods struggle in at
least one of these areas. We present a new Sequential Monte Carlo (SMC) algorithm that generates a sample
of redistricting plans converging to a realistic target distribution. Because it draws many plans in parallel,
the SMC algorithm can efficiently explore the relevant space of redistricting plans better than the existing
Markov chain Monte Carlo (MCMC) algorithms that generate plans sequentially. Our algorithm can simul-
taneously incorporate several constraints commonly imposed in real-world redistricting problems, including
equal population, compactness, and preservation of administrative boundaries. We validate the accuracy of
the proposed algorithm by using a small map where all redistricting plans can be enumerated. We then apply
the SMC algorithm to evaluate the partisan implications of several maps submitted by relevant parties in a
recent high-profile redistricting case in the state of Pennsylvania. We find that the proposed algorithm con-
verges faster and with fewer samples than a comparable MCMC algorithm. Open-source software is available
for implementing the proposed methodology.

Key Words: gerrymandering, graph partition, importance sampling, spanning trees

*We thank Moon Duchin, Ben Fifield, Greg Herschlag, Mike Higgins, Chris Kenny, Jonathan Mattingly, Justin Solomon, and Alex
Tarr for helpful comments and conversations. Imai thanks Yunkyu Sohn for his contributions at an initial phase of this project. Open-
source software is available for implementing the proposed methodology (Kenny et al., 2020).

†Ph.D. candidate, Department of Statistics, Harvard University. 1 Oxford Street, Cambridge 02138. Email:
cmccartan@g.harvard.edu

‡Professor, Department of Government and Department of Statistics, Harvard University. 1737 Cambridge Street, Institute for Quan-
titative Social Science, Cambridge 02138. Email: imai@harvard.edu, URL: https://imai.fas.harvard.edu/
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1 Introduction
In first-past-the-post electoral systems, legislative districts serve as the fundamental building block of democratic
representation. In the United States, congressional redistricting, which redraws district boundaries in each state
following the decennial Census, plays a central role in influencing who is elected and hence what policies are
eventually enacted. Because the stakes are so high, redistricting has been subject to intense political battles.
Parties often engage in gerrymandering by manipulating district boundaries in order to amplify the voting power
of some groups while diluting that of others.

In recent years, the availability of granular data about individual voters has led to sophisticated partisan
gerrymandering attempts that cannot be easily detected. At the same time, many scholars have focused their
efforts on developing methods to uncover gerrymandering by comparing a proposed redistricting plan with a
large collection of alternative plans that satisfy the relevant legal requirements. A primary advantage of such an
approach over the use of simple summary statistics is its ability to account for the characteristics of each state’s
physical and political geography and state-specific redistricting rules.

For its successful application, a sampling algorithm for drawing alternative plans must (1) be efficient enough
to scale to maps with thousands of geographic units and a moderate or large number of districts, (2) simultane-
ously incorporate a variety of real-world legal constraints such as population balance (Section 3.1), geographical
compactness (Section 3.3), and the preservation of administrative boundaries (Section 4.5), and (3) ensure these
samples are representative of a specific target population, against which a redistricting plan of interest can be
evaluated. Although some have been used in several recent court challenges to existing redistricting plans, all
existing algorithms run into limitations of varying severity with regards to at least one of these three key require-
ments.

Optimization-based (e.g., Mehrotra et al., 1998; Macmillan, 2001; Bozkaya et al., 2003; Liu et al., 2016) and
constructive Monte Carlo (e.g., Cirincione et al., 2000; Chen and Rodden, 2013; Magleby and Mosesson, 2018)
methods can be made scalable and incorporate many constraints. But they are not designed to sample from any
specific target distribution. As a consequence, the resulting plans tend to differ systematically, for example, from
a uniform distribution under certain constraints (Cho and Liu, 2018; Fifield et al., 2020a,b). The absence of an
explicit target distribution makes it difficult to interpret the ensembles generated by these methods and use them
for statistical outlier analysis to detect gerrymandering.

MCMC algorithms (e.g., Mattingly and Vaughn, 2014; Wu et al., 2015; Chikina et al., 2017; DeFord et al.,
2021; Carter et al., 2019; Fifield et al., 2020a; Cannon et al., 2022) can in theory sample from a specific target
distribution, and incorporate constraints through the use of an energy function. In practice, however, existing
algorithms struggle to mix and traverse through a highly complex sampling space, making scalability difficult
and accuracy hard to prove. Some of these algorithms make proposals by flipping precincts at the boundary of
existing districts (e.g., Mattingly and Vaughn, 2014; Fifield et al., 2020a), rendering it difficult or even impossible
to transition between points in the state space, especially as more constraints are imposed. More recent algorithms
by DeFord et al. (2021) and Carter et al. (2019) use spanning trees to make their proposals, and this has allowed
these algorithms to yield greater moves and substantially improve mixing. Yet recent theoretical results suggest
that even these larger moves may not be enough to traverse the entire state space, and therefore may fail to
converge to the correct distribution, if a realistic population balance constraint is imposed (Akitaya et al., 2022).

We contribute to the ongoing scholarly efforts to address the above three key challenges by developing a
new Sequential Monte Carlo (SMC) algorithm, based on a similar but not identical spanning tree construction to
DeFord et al. (2021) and Carter et al. (2019) (see Sections 3 and 4). Like MCMC algorithms, the SMC algorithm
generates samples which approximate the target distribution arbitrarily well as the sample size increases. But
like constructive Monte Carlo methods, the SMC algorithm draws many separate plans from scratch, rather than
tweaking a single plan sequentially. This approach is better suited to the large discrete state space with a multi-
modal target distribution that characterizes redistricting problems. For example, in cases where existing MCMC
proposals render the state space disconnected, the SMC algorithm can still converge to the target distribution. As
we demonstrate in Sections 5 and 6 (see also Appendix B), this sampling approach translates to faster conver-
gence and smaller standard errors for a given computational budget. For larger and more complex redistricting
sampling problems, the SMC algorithm can be easily parallelized to facilitate efficient computation.
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The proposed algorithm proceeds by splitting off one district at a time, building up the redistricting plan piece
by piece (see Figure 2 for an illustration). Each split is accomplished by drawing a spanning tree and removing
one edge, which splits the spanning tree in two. We also extend the SMC algorithm so that it preserves admin-
istrative boundaries and certain geographical areas as much as possible, which is another common constraint
considered in many real-world redistricting cases. An open-source software package, redist, is available for
implementing the proposed algorithm (Kenny et al., 2020).

The SMC algorithm is not without limitations. Like existing MCMC approaches, the SMC algorithm only
guarantees convergence to the target distribution as the sample size approaches infinity. Additionally, because the
SMC algorithm involves repeated resampling, with a finite number of samples it can suffer from particle system
collapse (Liu et al., 2001), significantly increasing sampling variability. Thus, it is important to understand
the limitations of the proposed algorithm in finite samples, especially when dealing with large maps and many
districts. In Section 4.4.4, we provide a set of diagnostics which can be used in practice to help identify if more
samples are needed to reach convergence or if the constraints imposed by an analyst are too strong.

In Section 5, we validate the SMC algorithm using a small map for which all potential redistricting plans
can be enumerated (Fifield et al., 2020b). We demonstrate that the proposed algorithm samples accurately from
a realistic target distribution, and that our proposed diagnostics are a good proxy for total sampling error, which
is generally unobservable. Section 6 applies the SMC algorithm to the 2011 Pennsylvania congressional redis-
tricting, and also compares its performance on this problem with an MCMC algorithm with the same transition
kernel as the proposed SMC algorithm. We find that the SMC algorithm samples more efficiently than the
MCMC approach. Section 7 concludes and discusses directions for future work.

2 The 2011 Pennsylvania Congressional Redistricting
We study the 2011 Pennsylvania congressional redistricting because it illustrates the salient features of the re-
districting problem. We begin by briefly summarizing the background of this case and then explain the role of
sampling algorithms used in the expert witness reports.

2.1 Background
Pennsylvania lost a seat in Congress during the reapportionment of the 435 U.S. House seats following the 2010
Census. In Pennsylvania, the General Assembly, which is the state’s legislative body, draws new congressional
districts, subject to gubernatorial veto. At the time, the General Assembly was controlled by Republicans, and
Tom Corbett, also a Republican, served as governor. In the 2012 election, which took place under the newly
adopted 2011 districting map, Democrats won 5 seats while Republicans took the remaining 13. Under the
previous plan, the split was 7–12.

In June 2017, the League of Women Voters of Pennsylvania filed a lawsuit alleging that the 2011 plan adopted
by the Republican legislature violated the state constitution by diluting the political power of Democratic voters.
The case worked its way through the state court system, and on January 22, 2018, the Pennsylvania Supreme
Court issued its ruling, writing that the 2011 plan “clearly, plainly and palpably violates the Constitution of the
Commonwealth of Pennsylvania, and, on that sole basis, we hereby strike it as unconstitutional.” (League of
Women Voters v. Commonwealth, 2018).

The court ordered that the General Assembly adopt a remedial plan and submit it to the governor, who would
in turn submit it to the court, by February 15, 2018. In its ruling, the court laid out specific requirements that had
to be satisfied by all proposed plans:

composed of compact and contiguous territory; as nearly equal in population as practicable; and
which do not divide any county, city, incorporated town, borough, township, or ward, except where
necessary to ensure equality of population.

The leaders of the Republican Party in the General Assembly drew a new map, but the Democratic governor,
Tom Wolf, refused to submit it to the court, claiming that it, too, was an unconstitutional gerrymander. Instead,
the court received remedial plans from seven parties: the petitioners, the League of Women Voters; the respon-
dents, the Republican leaders of the General Assembly; the governor, a Democrat; the lieutenant governor, also
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(a) 2011 General Assembly map (b) 2018 Pennsylvania Supreme Court map

Figure 1: Comparison of the 2011 map drawn by the General Assembly and the final map imposed by the
Supreme court in 2018. County lines are shown in dark gray, and district boundaries that do not coincide with
county boundaries are in white.

a Democrat; the Democratic Pennsylvania House minority leadership; the Democratic Pennsylvania Senate mi-
nority leadership; and the intervenors, which included Republican party candidates and officials. Ultimately, the
Supreme Court drew its own plan and adopted it on February 19, 2018, arguing that it was “superior or compa-
rable to all plans submitted by the parties.” Figure 1 shows the remedial plan created by the Supreme Court as
well as the 2011 map adopted by the General Assembly, which were found on the court’s case page.

The constraints explicitly laid out by the court, as well as the numerous remedial plans submitted by the
parties, make the 2011 Pennsylvania redistricting a useful case study that evaluates redistricting plans.

2.2 The Role of Sampling Algorithms
The original finding that the 2011 General Assembly plan was a partisan gerrymander was in part based on
different outlier analyses performed by two academic researchers, Jowei Chen and Wesley Pegden, who served
as the petitioner’s expert witnesses. Chen randomly generated two sets of 500 redistricting plans according to
a constructive Monte Carlo algorithm based on Chen and Rodden (2013). He considered population balance,
contiguity, compactness, avoiding county and municipal splits, and, in the second set of 500, avoiding plans that
placed more than two incumbents in the same district (at least one pair of incumbents in the same district was
necessary, given that Pennsylvania lost a seat from 2000 to 2010). Pegden ran a reversible Markov chain similar
to that used in the MCMC algorithm of Mattingly and Vaughn (2014) for one trillion steps, and computed upper
bounds of p-values using the method of Chikina et al. (2017). This method was also used in a follow-up analysis
by Moon Duchin, who served as an expert for Governor Wolf (Duchin, 2018). Both petitioner experts concluded
that the 2011 plan was an extreme outlier according to compactness, county and municipal splits, and the number
of Republican and Democratic seats implied by statewide election results.

The respondents also retained an expert academic witness, Wendy Tam Cho, who directly addressed the
sampling-based analyses of Chen and Pegden. Cho criticized Chen’s analysis for not sampling from a specified
target distribution. She also criticized Pedgen’s analysis by arguing that his Markov chain only made local
explorations of the space of redistricting plans, and could not therefore have generated a representative sample
of all valid plans, though the p-values computed using the Chikina et al. (2017) method explicitly do not require
mixing of the Markov chain (see also Cho and Rubinstein-Salzedo, 2019, and Chikina et al. (2019)). We do not
directly examine the intellectual merits of the specific arguments put forth by the expert witnesses. However,
these methodological debates are also relevant for other cases where simulation algorithms have been extensively
used by expert witnesses (e.g., Rucho v. Common Cause (2019); Common Cause v. Lewis (2019); Covington
v. North Carolina (2017); Harper v. Lewis (2020)), and highlight the difficulties in practically applying existing
sampling algorithms to actual redistricting problems.

First, the distributions that some of these algorithms sample from are not made explicit, leaving open the
possibility that the generated ensemble is systematically different from the true set of all valid plans. Second,
even when the distribution is known, MCMC algorithms used to sample from it may be prohibitively slow to mix
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